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EXISTENCE OF PSEUDO-HEAVY FIBERS OF MOMENT MAPS
MORIMICHI KAWASAKI AND RYUMA ORITA
Abstract. In the present paper, we introduce the notion of pseudo-heaviness
of closed subsets of closed symplectic manifolds and prove the existence of
pseudo-heavy fibers of moment maps. In particular, we generalize Entov and
Polterovich’s theorem, which ensures the existence of non-displaceable fibers,
and provide a partial answer to a problem posed by them, which asks the
existence of heavy fibers. Moreover, we apply our results to prove that some
generalized coupled angular momenta have more than two non-displaceable
fibers.
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1. Introduction and main result
Let (M,ω) be a closed symplectic manifold. Let Ham(M) denote the group of
Hamiltonian diffeomorphisms of M . Let C(M) (resp. C∞(M)) denote the set of
continuous (resp. smooth) functions on M . Given a finite-dimensional Poisson-
commutative subspace A of C∞(M), the moment map Φ: M → A∗ is given by
F (x) = 〈Φ(x), F 〉 for x ∈M and F ∈ A.
A subset X of M is called displaceable from a subset Y ⊂ M if there exists
a Hamiltonian H : S1 × M → R such that ϕH(X) ∩ Y = ∅, where ϕH is the
Hamiltonian diffeomorphism generated by H (i.e., the time-1 map of the isotopy
{ϕtH}t∈R associated with the Hamiltonian vector field XH defined by the formula
ιXHω = −dH) and Y is the topological closure of Y . Otherwise, X is called non-
displaceable from Y . Moreover, X is called abstractly (non-)displaceable if X is
(non-)displaceable from X itself.
Entov and Polterovich [EP06] proved the following theorem.
Theorem 1.1 ([EP06, Theorem 2.1]). Let (M,ω) be a closed symplectic manifold
and A a finite-dimensional Poisson-commutative subspace of C∞(M). Then, there
exists y0 ∈ Φ(M) such that Φ−1(y0) is abstractly non-displaceable.
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2 MORIMICHI KAWASAKI AND RYUMA ORITA
For its relative version, see [Ka]. To prove Theorem 1.1, Entov and Polterovich
[EP06] introduced the concept of partial symplectic quasi-state (see Definition 2.1).
In [EP09], they introduced the notion of heaviness of closed subsets in terms of
partial symplectic quasi-states.
Definition 1.2 ([EP09, Definition 1.3]). Let ζ : C(M)→ R be a partial symplectic
quasi-state on (M,ω). A closed subset X of M is said to be heavy (resp. superheavy)
with respect to ζ if
ζ(H) ≥ inf
X
H
(
resp. ζ(H) ≤ sup
X
H
)
for any H ∈ C(M).
Here we collect properties of (super)heavy subsets.
Proposition 1.3 ([EP09]). Let ζ : C(M) → R be a partial symplectic quasi-state
on (M,ω).
(i) Every superheavy subset with respect to ζ is heavy with respect to ζ.
(ii) Every heavy subset with respect to ζ is abstractly non-displaceable.
(iii) Every heavy subset with respect to ζ is non-displaceable from every su-
perheavy subset with respect to ζ. In particular, every heavy subset with
respect to ζ intersects every superheavy subset with respect to ζ.
Relating to Theorem 1.1, Entov and Polterovich posed the following problem.
Problem 1.4 ([EP09, Section 1.8.2], see also [En, Question 4.9]). Let (M,ω) be
a closed symplectic manifold and A a finite-dimensional Poisson-commutative sub-
space of C∞(M). Let ζ : C(M) → R be a partial symplectic quasi-state on (M,ω)
made from the Oh–Schwarz spectral invariant (see [Sch, Oh]). Then, does there
exist y0 ∈ Φ(M) such that Φ−1(y0) is heavy with respect to ζ?
For an open subset U of M , let H(U) be the subset of C(M) consisting of all
functions supported in U . We introduce the notion of pseudo-heaviness of closed
subsets.
Definition 1.5. Let ζ : C(M)→ R be a partial symplectic quasi-state on (M,ω).
A closed subset X of M is said to be pseudo-heavy with respect to ζ if for any open
neighborhood U of X there exists a function F ∈ H(U) such that ζ(F ) > 0.
By definition, every heavy subset with respect to ζ is pseudo-heavy with respect
to ζ. The following proposition tells us the reason why we call such subsets pseudo-
heavy (compare Proposition 1.3).
Proposition 1.6 ([KO]). Let ζ : C(M)→ R be a partial symplectic quasi-state on
(M,ω). If a closed subset X of M is pseudo-heavy with respect to ζ, then X is
non-displaceable from itself and every superheavy subset with respect to ζ.
We prove Proposition 1.6 in Section 2. Our main theorem is the following one
which asserts the existence of a pseudo-heavy fiber instead of heavy one.
Theorem 1.7 (Main Theorem). Let (M,ω) be a closed symplectic manifold and A
a finite-dimensional Poisson-commutative subspace of C∞(M). Let ζ : C(M)→ R
be a partial symplectic quasi-state on (M,ω). Then, there exists y0 ∈ Φ(M) such
that Φ−1(y0) is pseudo-heavy with respect to ζ.
In Section 3, we will provide examples of closed subsets which are pseudo-heavy,
but not heavy. Moreover, we will point out that the positive answer to Problem
1.4 does not hold for a general partial symplectic quasi-state.
In Section 4, we introduce a notion of simplicity of partial symplectic quasi-states
(Definition 4.2). In that section, we prove the following proposition.
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Proposition 1.8. Let ζ : C(M)→ R be a simple partial symplectic quasi-state on
(M,ω). Then, any pseudo-heavy subset X with respect to ζ is heavy with respect to
ζ.
As an application of Theorem 1.7 and Proposition 1.8, we have the following
corollary which gives a partial answer to Problem 1.4.
Corollary 1.9. Let (M,ω) be a closed symplectic manifold and A a finite-dimensional
Poisson-commutative subspace of C∞(M). Let ζ : C(M) → R be a simple partial
symplectic quasi-state on (M,ω). Then, there exists y0 ∈ Φ(M) such that Φ−1(y0)
is heavy with respect to ζ.
For a closed symplectic manifold (M,ω), let ζM denote the partial symplectic
quasi-state on (M,ω) made from the Oh–Schwarz spectral invariant with respect
to the fundamental class [M ] of the quantum homology QH∗(M ;Z/2Z) of M . Let
(S, ω) be a closed Riemann surface S with the symplectic form ω. Then, it is known
that ζS(F
2) = max{ζS(F )2, ζS(−F )2} for any function F : S → R (see [EP06] for
genus zero case, [HLS] for positive genus case). Under this condition, one can
prove that the partial symplectic quasi-state ζS is simple. Among experts, it is
an open conjecture for many years that every symplectic quasi-state (see [EP06]
for the definition) made from the Oh–Schwarz spectral invariant of a symplectic
manifold (M,ω) is always simple, but it is known to be difficult to prove that these
symplectic quasi-states are simple when the dimension of M is greater than two.
In Section 5, we use Proposition 1.6 and Theorem 1.7 to prove that some general-
ized coupled angular momenta have more than two non-displaceable fibers (Corol-
lary 5.1). We also prove that another generalized coupled angular momentum has
only one non-displaceable fiber (Theorem 5.2).
2. Proof of Theorem 1.7
In this section, we provide the definition of partial symplectic quasi-state and
proofs of Proposition 1.6 and Theorem 1.7. Let (M,ω) be a closed symplectic
manifold.
Definition 2.1 ([PR, Section 4.5]). A partial symplectic quasi-state on (M,ω) is
a functional ζ : C(M)→ R satisfying the following conditions.
Normalization: ζ(a) = a for any constant function a.
Stability: For any H1, H2 ∈ C(M)
min
M
(H1 −H2) ≤ ζ(H1)− ζ(H2) ≤ max
M
(H1 −H2).
In particular, Monotonicity holds: ζ(H1) ≤ ζ(H2) if H1 ≤ H2.
Homogeneity: ζ(sH) = sζ(H) for any H ∈ C(M) and any s > 0.
Invariance: ζ(H ◦ φ) = ζ(H) for any H ∈ C(M) and any φ ∈ Ham(M).
Vanishing: ζ(F ) = 0 if the support of F is displaceable.
Quasi-subadditivity: ζ(H1 +H2) ≤ ζ(H1)+ζ(H2) for any H1, H2 ∈ C(M)
satisfying {H1, H2} = 0.
First we prove Proposition 1.6.
Proof of Proposition 1.6. Assume, on the contrary, that there exists an open neigh-
borhood U of X displaceable from either U itself or a superheavy subset Y with
respect to ζ. Choose arbitrary F ∈ H(U). For simplicity, denote Y ′ = U or Y
below.
Take φ ∈ Ham(M) so that φ(U) ∩ Y ′ = ∅. Since F ◦ φ−1 ∈ H(φ(U)),
ζ(F ◦ φ−1) ≤ sup
Y ′
(F ◦ φ−1) = 0.
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Thus, ζ(F ◦ φ−1) ≤ 0. By the Hamiltonian invariance of ζ, ζ(F ) ≤ 0. This
contradicts to the pseudo-heaviness of X with respect to ζ. 
Let ζ : C(M)→ R be a partial symplectic quasi-state on (M,ω).
Proposition 2.2 ([EP09, Proposition 4.1]). Let X be a closed subset of M .
(i) X is heavy with respect to ζ if and only if ζ(H) = 0 for any H ∈ C(M)
satisfying H ≤ 0 and H|X ≡ 0.
(ii) X is superheavy with respect to ζ if and only if ζ(H) = 0 for any H ∈
C(M) satisfying H ≥ 0 and H|X ≡ 0.
Given a finite-dimensional Poisson-commutative subspace A of C∞(M), we recall
that the moment map Φ: M → A∗ is given by F (x) = 〈Φ(x), F 〉 for x ∈ M and
F ∈ A. We introduce the notion of NPH-stems.
Definition 2.3. A closed subset X of M is called an NPH-stem with respect to ζ
(resp. stem) if there exists a finite-dimensional Poisson-commutative subspace A of
C∞(M) satisfying the following conditions.
(i) X = Φ−1(p) for some p ∈ Φ(M).
(ii) Every non-trivial fiber of Φ, other thanX, is not pseudo-heavy with respect
to ζ (resp. is abstractly displaceable).
Here NPH stands for “non-pseudo-heavy.” By Proposition 1.6, any stem is an
NPH-stem with respect to any partial symplectic quasi-state.
Theorem 2.4 ([EP09, Theorem 1.8]). Every stem is superheavy with respect to
any partial symplectic quasi-state.
We generalize Theorem 2.4.
Theorem 2.5. Every NPH-stem with respect to ζ is superheavy with respect to ζ.
The proof of Theorem 2.5 is almost parallel to that of [EP09, Theorem 1.8],
but we use the quasi-subadditivity instead of the partial quasi-additivity (see, for
example, [PR, Section 4.6]).
Proof of Theorem 2.5. Let X = Φ−1(p), p ∈ Φ(M), be an NPH-stem with respect
to ζ. Take any function H : A∗ → R which vanishes on an open neighborhood V of
p. First we claim that ζ(Φ∗H) ≤ 0.
Consider a finite open covering U = {U1, . . . , Ud} of Φ(M) \ V so that each
Φ−1(Ui) contains no pseudo-heavy fiber with respect to ζ. Take a partition of unity
{ρ1, . . . , ρd} subordinated to U . Namely,
∑d
i=1 ρi|Φ(M)\V ≡ 1 and supp(ρi) ⊂ Ui
for any i. Since supp
(
Φ∗(ρiH)
) ⊂ Φ−1(Ui), by the definition of pseudo-heaviness,
ζ(Φ∗(ρiH)
) ≤ 0
for any i. Since {Φ∗(ρiH),Φ∗(ρjH)} = 0 for any i and j, by the quasi-subadditivity,
ζ
(
Φ∗(ρ1H) + · · ·+ Φ∗(ρkH) + Φ∗(ρk+1H)
) ≤ ζ(Φ∗(ρ1H) + · · ·+ Φ∗(ρkH))
for all k = 1, . . . , d− 1. Thus,
ζ(Φ∗H) = ζ
(
d∑
i=1
Φ∗(ρiH)
)
≤ 0,
and this completes the proof of the claim.
Now given any function G ∈ C(M) satisfying G ≥ 0 and G|X ≡ 0, one can find
a function H : A∗ → R and an open neighborhood V of p with H|V ≡ 0 such that
G ≤ Φ∗H. By the normalization, the monotonicity and the claim,
0 = ζ(0) ≤ ζ(G) ≤ ζ(Φ∗H) ≤ 0.
Hence ζ(G) = 0. By Proposition 2.2 (ii), X is superheavy with respect to ζ. 
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Now we are in a position to prove our main theorem (Theorem 1.7).
Proof of Theorem 1.7. Arguing by contradiction, assume that every fiber of Φ is
not pseudo-heavy with respect to ζ. Then, every fiber is an NPH-stem with respect
to ζ. Hence, by Theorem 2.5, every fiber is superheavy with respect to ζ. Since all
fibers are mutually disjoint, it contradicts to Proposition 1.3 (i) and (iii). 
Remark 2.6. In the proof of Theorem 1.7, we do not use the vanishing property of
ζ.
3. Examples of pseudo-heavy, but not heavy fibers
Here we provide examples of moment maps with no heavy fiber.
Proposition 3.1. Let (M,ω) be a closed symplectic manifold and A a finite-
dimensional Poisson-commutative subspace of C∞(M). Let ζ1, ζ2 : C(M) → R be
partial symplectic quasi-states on (M,ω). Assume that there exist y1, y2 ∈ Φ(M)
such that y1 6= y2 and Φ−1(yi) is superheavy with respect to ζi for i = 1, 2. Then,
the functional 12 (ζ1 + ζ2) : C(M) → R is also a partial symplectic quasi-state on
(M,ω) and
(i) Φ−1(y1) ∪ Φ−1(y2) is superheavy with respect to 12 (ζ1 + ζ2).
(ii) Φ−1(y1) and Φ−1(y2) are pseudo-heavy with respect to 12 (ζ1 + ζ2).
(iii) Φ does not admit any heavy fiber with respect to 12 (ζ1 + ζ2).
For examples of (M,ω), ζ1, ζ2 and Φ satisfying the assumption listed in Propo-
sition 3.1, see [FOOO], [Bo, Theorem 1.2] and [Vi].
Let Σ2 be a closed Riemann surface of genus 2 with an area form ω. Rosenberg
[Ro] constructed a functional ζP : C(Σ2) → R from Py’s Calabi quasi-morphism
defined in [Py06a] and proved that ζP is a partial symplectic quasi-state on (Σ2, ω).
Let FP : Σ2 → R be a generic Morse function with exactly six critical points as
shown in Figure 1. Let p1, . . . , p6 be the critical points of FP such that c1 < · · · < c6,
where ci = FP (pi) for i = 1, . . . , 6.
Figure 1. A generic Morse function on Σ2 with exactly six critical points
Proposition 3.2. Let ζP as above. Then,
(i) F−1P (c3) ∪ F−1P (c4) is superheavy with respect to ζP .
(ii) F−1P (c3) and F
−1
P (c4) are pseudo-heavy with respect to ζP .
(iii) FP does not admit any heavy fiber with respect to ζP .
6 MORIMICHI KAWASAKI AND RYUMA ORITA
To prove Propositions 3.1 and 3.2, we use the following lemma.
Lemma 3.3. Let (M,ω) be a closed symplectic manifold and A a finite-dimensional
Poisson-commutative subspace of C∞(M). Let ζ : C(M)→ R be a partial symplec-
tic quasi-state on (M,ω). Assume that there exist y1, y2 ∈ Φ(M) such that y1 6= y2
and ζ(f ◦ Φ) = 12
(
f(y1) + f(y2)
)
for any continuous function f ∈ C(A∗). Then,
(i) Φ−1(y1) ∪ Φ−1(y2) is superheavy with respect to ζ.
(ii) Φ−1(y1) and Φ−1(y2) are pseudo-heavy with respect to ζ.
(iii) Φ does not admit any heavy fiber with respect to ζ.
Proof. We fix an isomorphism A∗ ∼= Rk for some k. For a continuous function
H : M → R, take a continuous function H : Rk → R such that H ≤ H ◦ Φ and
max{H(y1), H(y2)} ≤ sup
Φ−1(y1)∪Φ−1(y2)
H.
Then, by the monotonicity of ζ and the assumption,
ζ(H) ≤ ζ(H ◦ Φ) = 1
2
(
H(y1) +H(y2)
) ≤ sup
Φ−1(y1)∪Φ−1(y2)
H.
Since H is arbitrary, we complete the proof of (i).
We show that Φ−1(y1) is pseudo-heavy with respect to ζ. For any open neigh-
borhood U of Φ−1(y1) choose an open neighborhood V of y1 such that y2 /∈ V and
Φ−1(V ) ⊂ U . Take a function f ∈ H(V ) such that f(y1) > 0. Then,
ζ(f ◦ Φ) = 1
2
f(y1) > 0.
Since f ◦ Φ ∈ H(U), Φ−1(y1) is pseudo-heavy with respect to ζ. Similarly, we can
prove that Φ−1(y2) is also pseudo-heavy with respect to ζ. This completes the
proof of (ii).
Let y ∈ Φ(M) \ {y1, y2}. Since Φ−1(y) is disjoint from the superheavy subset
Φ−1(y1) ∪ Φ−1(y2) with respect to ζ, by Proposition 1.3 (iii), Φ−1(y) is not heavy
with respect to ζ. We show that Φ−1(y1) is not heavy with respect to ζ. Since
y1 6= y2, we can choose a function G ∈ C(Rk) such that G(y1) = 1 and G(y2) = 0.
Set G = G ◦ Φ ∈ C(M). Then,
ζ(G) =
1
2
(
G(y1) +G(y2)
)
=
1
2
< 1 = inf
Φ−1(y1)
G.
Hence Φ−1(y1) is not heavy with respect to ζ. Similarly, we can prove that Φ−1(y2)
is also not heavy with respect to ζ. This completes the proof of Lemma 3.3. 
Proof of Proposition 3.1. To confirm that 12 (ζ1 + ζ2) is a partial symplectic quasi-
state on (M,ω), we only check the stability since other properties follow from the
definition. Since ζi (i = 1, 2) satisfies the stability, for any H1, H2 ∈ C(M)
min
M
(H1 −H2) ≤ ζi(H1)− ζi(H2) ≤ max
M
(H1 −H2).
By summing up with i = 1, 2 and dividing by 2,
min
M
(H1 −H2) ≤ 1
2
(
ζ1(H1) + ζ2(H1)
)− 1
2
(
ζ1(H2) + ζ2(H2)
) ≤ max
M
(H1 −H2).
Hence 12 (ζ1 + ζ2) also satisfies the stability.
Now we claim that for any continuous function f ∈ C(A∗)
1
2
(ζ1 + ζ2)(f ◦ Φ) = 1
2
(
f(y1) + f(y2)
)
.
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Indeed, since Φ−1(yi) (i = 1, 2) is superheavy with respect to ζi, by Proposition 1.3
(i),
f(yi) = inf
Φ−1(yi)
f ◦ Φ ≤ ζi(f ◦ Φ) ≤ sup
Φ−1(yi)
f ◦ Φ = f(yi).
Thus, ζi(f ◦ Φ) = f(yi) and this shows the claim. Hence Lemma 3.3 yields Propo-
sition 3.1. 
To prove Proposition 3.2, we use the following theorem which is a special case
of Py’s theorem.
Theorem 3.4 (A special case of [Py06a, The´ore`me 2], see also [Ro, Theorem 4.4]).
Let (Σ2, ω), ζP and FP as above. Then, for any smooth function H : Σ2 → R with
{H,FP } = 0, ζP (H) = 12
(
H(p3) +H(p4)
)
.
Proof of Proposition 3.2. Since {f ◦ FP , FP } = 0 for any smooth function f : R→
R, Theorem 3.4 implies that ζP (f ◦FP ) = 12
(
f(c3) + f(c4)
)
. By the stability of ζP ,
this equality still holds for any continuous function f . Thus, (Σ2, ω), ζP , FP , c3
and c4 satisfy the assumption of Lemma 3.3. Hence Proposition 3.2 follows from
Lemma 3.3. 
4. Simple partial symplectic quasi-states
Let (M,ω) be a closed symplectic manifold. Let ζ : C(M) → R be a partial
symplectic quasi-state on (M,ω). For a closed subset X of M , we define a real
number τζ(X) by
τζ(X) = inf{ ζ(a) | a : M → [0, 1], a|X ≡ 1 }.
Remark 4.1. When ζ is a symplectic quasi-state in the sense of [EP06] or, more
generally, a quasi-state in the sense of [Aa91], then the above τζ is a quasi-measure
[Aa91].
Definition 4.2. A partial symplectic quasi-state ζ on (M,ω) is called simple if
τζ(X) = 0 or τζ(X) = 1 for any closed subset X of M .
Remark 4.3. When ζ is a quasi-state, then our simplicity and the simplicity as a
quasi-state defined in [Aa93] coincide.
To prove Proposition 1.8, we use the following lemmas.
Lemma 4.4. Let ζ be a partial symplectic quasi-state on (M,ω) and X a closed
subset of M . If X is pseudo-heavy with respect to ζ, then for any open neighborhood
B of X, τζ(B) > 0.
Proof. By the definition of pseudo-heaviness, there exists a function F ∈ H(B)
such that ζ(F ) > 0. By the monotonicity and the normalization of ζ, maxF > 0.
For any continuous function a : M → [0, 1] with a|B ≡ 1, by the monotonicity and
the homogeneity of ζ,
ζ(F ) ≤ ζ(maxF · a) = maxF · ζ(a).
Thus, by the definition of τζ ,
τζ(B) ≥ (maxF )−1 · ζ(F ) > 0. 
Lemma 4.5. Let ζ be a partial symplectic quasi-state on (M,ω) and X a closed
subset of M . Then, τζ(X) = 1 if and only if X is heavy with respect to ζ.
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Proof. Assume that τζ(X) = 1. Let G : M → R be a continuous function such that
G > 0. Define a function G : M → R by
G(x) = min
{
G(x), inf
X
G
}
.
Then, the function (infX G)
−1 · G takes values in [0, 1] and (infX G)−1 · G|X ≡ 1.
Thus, by the homogeneity of ζ and the definition of τζ ,
ζ(G) = inf
X
G · ζ
((
inf
X
G
)−1
·G
)
≥ inf
X
G · τζ(X).
By the monotonicity of ζ and τζ(X) = 1,
inf
X
G = inf
X
G · τζ(X) ≤ ζ(G) ≤ ζ(G).
Let H : M → R be a continuous function. Take a positive number r so that
H + r > 0. Then, the above argument yields infX(H + r) ≤ ζ(H + r). By the
stability of ζ,
ζ(H + r)− ζ(H) ≤ r.
Therefore,
inf
X
H = inf
X
(H + r)− r ≤ ζ(H + r)− r ≤ ζ(H).
Thus, X is heavy with respect to ζ.
Conversely, assume that X is heavy with respect to ζ. Let a : M → [0, 1] be a
continuous function with a|X ≡ 1. By the monotonicity and the normalization of
ζ, ζ(a) ≤ 1. On the other hand, since X is heavy with respect to ζ,
ζ(a) ≥ inf
X
a = 1,
which concludes that ζ(a) = 1. Since a is arbitrary, τζ(X) = 1. 
Proof of Proposition 1.8. Let B be an open neighborhood of X. Then, by Lemma
4.4, τζ(B) > 0. Since ζ is simple, τζ(B) = 1. Hence by Lemma 4.5, B is heavy
with respect to ζ. Since the closure of any open neighborhood of X is heavy with
respect to ζ, X is also heavy with respect to ζ. 
We can prove the converse of Proposition 1.8.
Proposition 4.6. Let ζ be a partial symplectic quasi-state on (M,ω) such that
every pseudo-heavy subset is heavy. Then, ζ is simple.
Proof. Choose arbitrary closed subset X of M such that τζ(X) > 0. By the def-
initions of pseudo-heaviness and τζ , X is pseudo-heavy with respect to ζ. By the
assumption, X is heavy and thus, by Lemma 4.5, τζ(X) = 1. Since X is arbitrary,
ζ is simple. 
Remark 4.7. Concerning Lemma 4.4, one may ask whether the positivity of τζ(X)
holds for X itself. Gambaudo and Ghys [GG] constructed quasi-morphisms on the
group of Hamiltonian diffeomorphisms of Riemann surfaces from quasi-morphisms
on surface braid groups. Py [Py06b], Brandenbursky [Br] and Brandenbursky,
Ke¸dra and Shelukhin [BKS] generalized that construction and proved that some
of them are Calabi quasi-morphisms in the sense of [EP03]. Through the same
construction as [EP06], we can make symplectic quasi-states from them. With
respect to these symplectic quasi-states, we can prove that there exist pseudo-heavy
subsets of compact Riemann surfaces with positive genus whose quasi-measures are
equal to zero [KK].
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5. Generalized coupled angular momenta
In this section, we provide applications of Theorem 2.5. Let
S2 =
{
(x, y, z) ∈ R3 ∣∣ x2 + y2 + z2 = 1}
be the two-sphere with the standard symplectic form ωS2 . We consider the product
S2 × S2 with the symplectic form ωR = pr∗1ωS2 +R(pr∗2ωS2), where R is a positive
number and pr1,pr2 : S
2×S2 → S2 are the first and second projections, respectively.
Let s1, s2, s3 ∈ R. We define maps JR, Hs1,s2,s3 : S2 × S2 → R by the formulas
JR(x1, y1, z1, x2, y2, z2) = z1 +Rz2,
Hs1,s2,s3(x1, y1, z1, x2, y2, z2) = x1x2 + y1y2 + s1z1 + s2z2 + s3z1z2,
respectively, and set Φs1,s2,s3R = (JR, H
s1,s2,s3) : S2 × S2 → R2. By Hohloch and
Palmer [HP], JR and H
s1,s2,s3 are Poisson-commutative on (S2 × S2, ωR).
In the following corollary of Theorem 1.7 and Proposition 1.6, we set R = 1.
Corollary 5.1. Let s1, s2, s3 ∈ R. If |s1|+ |s2|+ |1− s3| < 1/4, then Φs1,s2,s31 has
at least two non-displaceable fibers.
Proof. Set
L1 = (Φ
0,0,1
1 )
−1
(
0,−1
2
)
and L2 = (Φ
0,0,1
1 )
−1(0,−1).
Fukaya, Oh, Ohta and Ono [FOOO], Leclercq and Zapolsky [LZ] proved that there
exists a partial symplectic quasi-state ζ1 such that L1 is superheavy with respect
to ζ1. Entov and Polterovich [EP09] proved that there exists a partial symplectic
quasi-state ζ2 such that L2 is superheavy with respect to ζ2.
By Theorem 1.7, for each i = 1, 2 there exists wi ∈ Φs1,s2,s31 (S2 × S2) such that
(Φs1,s2,s31 )
−1(wi) is pseudo-heavy with respect to ζi. Since Li is superheavy with
respect to ζi, by Proposition 1.6,
(1) (Φs1,s2,s31 )
−1(wi) ∩ Li 6= ∅.
Since |z1| ≤ 1 and |z2| ≤ 1,∣∣H0,0,1(x1, y1, z1, x2, y2, z2)−Hs1,s2,s3(x1, y1, z1, x2, y2, z2)∣∣ ≤ |s1|+ |s2|+ |1− s3|
<
1
4
.
Thus, Φs1,s2,s31 (L1) ⊂ {0} × (−3/4,−1/4) and Φs1,s2,s31 (L2) ⊂ {0} × (−5/4,−3/4).
Therefore, by (1), w1 ∈ {0} × (−3/4,−1/4) and w2 ∈ {0} × (−5/4,−3/4). Since
(−5/4,−3/4) ∩ (−3/4,−1/4) = ∅, we conclude that (Φs1,s2,s31 )−1(wi), i = 1, 2,
are mutually disjoint pseudo-heavy subsets with respect to ζi, respectively. In
particular, by Proposition 1.6, Φs1,s2,s31 has at least two non-displaceable fibers. 
On the other hand, some Φs1,s2,s3R has only one non-displaceable fiber. More
precisely, we have the following theorem.
Theorem 5.2. Let R be a positive number and s1, s2 ∈ R. Then, (Φs1,s2,0R )−1(0, 0)
is a stem, in particular, by Theorem 2.4, superheavy with respect to any partial
symplectic quasi-state on (S2 × S2, ωR).
Theorem 5.2 immediately follows from the following lemma.
We define a diffeomorphism ψ of S2 × S2 by
ψ(x1, y1, z1, x2, y2, z2) = (−x1, y1,−z1, x2,−y2,−z2).
We note that ψ is a Hamiltonian diffeomorphism of (S2 × S2, ωR) for any R > 0.
Lemma 5.3. Let R be a positive number and s1, s2, s3 ∈ R. If (a, b) /∈ {0} ×
[min{−s3, 0},max{−s3, 0}], then ψ displaces (Φs1,s2,s3R )−1(a, b) from itself.
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Proof. Since
JR
(
ψ(x1, y1, z1, x2, y2, z2)
)
= −z1 −Rz2 = −JR(x1, y1, z1, x2, y2, z2)
for any (x1, y1, z1, x2, y2, z2) ∈ S2 × S2,
Φs1,s2,s3R
(
ψ
(
(Φs1,s2,s3R )
−1(a, b)
)) ⊂ {−a} × R.
Hence ψ displaces (Φs1,s2,s3R )
−1(a, b) from itself whenever a 6= 0.
Assume that a = 0. Fix (x1, y1, z1, x2, y2, z2) ∈ (Φs1,s2,s3R )−1(0, b). Then, z1 =
−Rz2. Since
Hs1,s2,s3
(
ψ(x1, y1, z1, x2, y2, z2)
)
= −x1x2 − y1y2 − s1z1 − s2z2 + s3z1z2
= −Hs1,s2,s3(x1, y1, z1, x2, y2, z2) + 2s3z1z2
= −b+ 2s3z1z2,
if s3 ≥ 0, then
−b− 2s3 ≤ Hs1,s2,s3
(
ψ(x1, y1, z1, x2, y2, z2)
)
= −b− 2s3Rz22 ≤ −b.
Similarly, if s3 < 0, then
−b ≤ −b− 2s3Rz22 = Hs1,s2,s3
(
ψ(x1, y1, z1, x2, y2, z2)
) ≤ −b− 2s3.
Therefore,
(2) Φs1,s2,s3R
(
ψ
(
(Φs1,s2,s3R )
−1(0, b)
)) ⊂ {{0} × [−b− 2s3,−b] if s3 ≥ 0,{0} × [−b,−b− 2s3] if s3 < 0
for all b ∈ R.
As a consequence, ψ displaces (Φs1,s2,s3R )
−1(a, b) from itself whenever (a, b) does
not belong to the right hand side of (2), equivalently,
(a, b) /∈ {0} × [min{−s3, 0},max{−s3, 0}]. 
We set
ℵ = inf { |s1|+ |s2|+ |1− s3| | Φs1,s2,s31 has only one non-displaceable fiber } .
By Corollary 5.1 and Theorem 5.2, 1/4 ≤ ℵ ≤ 1. It is an interesting problem to
determine the exact value of ℵ.
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